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Abstract: Cosmic rays propagating in the Galaxy may excite a streaming instability when their motion is super-
alfvenic, thereby producing the conditions for their own diffusion. We present the results of a self-consistent
solution of the transport equation where diffusion occurs because of the self-generated turbulence together with
a preexisting turbulence injected, for instance, by supernova explosions and cascading to smaller scales. All
chemicals are included in our calculations, so that we are able to show the secondary to primary ratios in addition
to the spectra of the individual elements. All predictions appear to be in good agreement with observations.
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1 Introduction
After decades of investigation, many aspects of the origin
of cosmic rays (CRs) remain unclear. Some of the open
problems are related to basic principles, while others are
more phenomenological in nature and sometimes it is hard
to discriminate between the two. While the motion of CRs
in the Galaxy is well described as diffusive, and most ob-
servables are qualitatively well described within this ap-
proach, the fine structure of the theory is all but well de-
fined.
A very important piece of the debate on CR diffusion
concerns the role of CRs in generating their own scattering
centers. This makes the problem of diffusion intrinsically
non-linear as was recognized long time ago (e.g. see [1,
2]). The balance of CR induced streaming instability and
damping of the self-generated waves leads to conclude that
CRs can be confined in the Galaxy by their own turbulence
only for energies below a few hundred GeV. Hence, this
phenomenon has not received much attention in recent
times.
In addition to these problems of principle, related to
the basic nature of magnetic turbulence and the interplay
between CRs and magnetic fields, there are phenomeno-
logical difficulties, raised as a consequence of more and
better data. For instance, recent data from the PAMELA
and CREAM experiments [3, 4] provide evidence for a
change of slope of the spectra of protons and helium nu-
clei at rigidity ∼ 200 GV. The spectrum of protons flattens
from E−2.85±0.015 (for E < 230 GeV) to E−2.67±0.03 (for
E > 230 GeV). Although this feature might result from
some poorly known aspects of acceleration in the sources,
the most plausible explanation is that something peculiar
is happening in terms of propagation of CRs, either in the
form of a spatially dependent diffusion [5] or because of
a competition between different processes relevant for the
evolution of waves [6].
Despite these difficulties at all levels, propagation of
CRs is usually described by using simple diffusion models
implemented in propagation codes such as GALPROP [7]
and DRAGON [8, 9]. In the former, diffusion is isotropic
and homogeneous (space independent) and peculiar obser-
vational features (for instance changes of slope) are usually
modeled by assuming artificial breaks in either the injec-
tion spectrum of CRs and/or in the diffusion coefficient. In
the latter, some effort has been put in introducing a space
dependent diffusion coefficient, but in all other respects it
has the same advantages and problematic aspects of the
former. Neither approach has currently provided a physi-
cal explanation of the recent PAMELA and CREAM data.
Even independent of these complications, the descrip-
tions of CR transport in the Galaxy have always suffered
from what is called the anisotropy problem: the B/C ra-
tio which is sensitive to the propagation model can be
equally well explained by one of the following models:
1) Standard Diffusion Model (SDM), in which the injec-
tion spectrum is a power law in rigidity R and the diffu-
sion coefficient (or rather the grammage) is a power law
X(R) ∝ β R−δ (being β the particle velocity) with δ ≃ 0.6
for R > 4 GV and δ = 0 for R < 4 GV. 2) Reacceler-
ation Model (RAM), in which CRs suffer second order
Fermi reacceleration (typically only important for R < 1−
10 GV) and the injection spectrum is a broken power law
Q(R) ∝ R−2.4/[1+(R/2)2]1/2. In both models a break in
either the grammage or the injection spectrum are required
to fit the data [10, 11]. In the SDM the strong energy de-
pendence of the diffusion coefficient leads to exceedingly
large anisotropy for CR energies ≥ TeV [12]. In the RAM
the anisotropy problem is mitigated [6] although in both
models the detailed shape of the anisotropy amplitude as
a function of energy is hardly predictable since it is dra-
matically dependent upon the position of the few most re-
cent and closest sources [12, 13, 14]. The injection spec-
trum required at high energy by the SDM is roughly com-
patible with the one expected based on diffusive shock ac-
celeration (DSA), while the one required by the RAM is
too steep and requires non-standard versions of the acceler-
ation theory, possibly invoking the role of the finite veloc-
ity of scattering centers (see [15, 16, 17] for a discussion
of this issue).
In the present paper we follow up on previous work
[6, 18] in which it has been proposed that the changes of
slope in the spectra of protons observed by PAMELA and
CREAM may reflect the interplay between self-generation
of turbulence by CRs and turbulent cascade from large
scales. The transition from diffusion in the self-generated
turbulence to diffusion in pre-existing turbulence naturally
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reflects in a spectral break for protons from steep (slope
∼ 2.9) to flatter (slope ∼ 2.65) at rigidity R ∼ 200 GV
[6]. This break compares well with the protons data as
collected by the PAMELA satellite [3], and the high en-
ergy slope is in agreement with the one measured by the
CREAM balloon experiment [4]. At rigidity R < 10 GV
the spectra show a hardening reflecting the advection of
particles with Alfve´n waves [6].
A previous attempt at taking into account the self-
generated turbulence around the sources of Galactic CRs
was made by [19], but the effect of pre-existing turbulence
was not considered. In [20] the authors investigate the pos-
sibility that a Kraichnan-type cascade may be suppressed
at k ≥ 10−13cm−1 as a result of resonant absorption of the
waves by CRs. The authors claim that this effect may ac-
count for the low energy behaviour of the B/C ratio.
Since the problem of CR diffusion that we intend to in-
vestigate is intrinsically non-linear, it is obvious that many
of the oversimplifications discussed above need to be as-
sumed here as well. However we try to make one step to-
wards a physical understanding of the nature of CR diffu-
sion in the Galaxy and of the role of CRs in their own trans-
port. All nuclei from hydrogen to iron (including all sta-
ble isotopes) and their spallation and ionization losses are
included in the calculations, so that we can compare our
results with existing B/C data. We retain the assumption
that diffusion may be approximated as homogeneous and
isotropic within the propagation region.
2 Equation for waves and CR transport
Following Ref. [6] we consider waves responsible for CR
scattering as originated through two processes: 1) turbulent
cascade of power injected by supernova remnants (SNRs)
at large scales, and 2) self-generated waves produced by
CRs through streaming instability. The process of cascad-
ing is all but trivial to model, in that it is known that power
is channeled in a complex way into parallel and perpendic-
ular wave numbers. It is not the purpose of this paper to
explore these aspects in detail. We rather adopt the view
that cascading occurs through non-linear Landau damp-
ing (NLLD) as modeled in [21], namely through diffusion
in k-space with a diffusion coefficient which depends on
the wave spectrum W (k) (this reflects the intrinsic non-
linearity of the phenomenon). The diffusion coefficient in
k-space can be written as Dkk = CKvAkα1W (k)α2 , where
CK ≈ 5.2× 10−2 [22] and vA = B0/
√
4piρion is the Alfve´n
speed in the unperturbed magnetic field (notice that ρion
is the density of the ionized gas in the Galaxy, not the to-
tal gas density). In the present paper we assume a Kol-
mogorov phenomenology for the cascading turbulence, so
that α1 = 7/2 and α2 = 1/2, and an unperturbed magnetic
field B0 = 1 µG.
The general equation describing wave transport in the
absence of wave advection can be written as follows:
∂
∂k
[
Dkk
∂W
∂k
]
+ΓCRW = qW (k), (1)
where qW (k) is the injection term of waves with wavenum-
ber k. In the present calculations we assume that waves are
only injected on a scale lc∼ 50−100 pc, for instance by su-
pernova explosions. This means that qW (k) ∝ δ (k− 1/lc).
The level of pre-existing turbulence is normalized to the to-
tal power ηB = δB2/B20 =
∫
dkW (k).
The term ΓCRW in Eq. (1) describes the generation
of wave power through CR induced streaming instability,
with a growth rate [23]:
Γcr(k) =
16pi2
3
vA
kW (k)B20
∑
α
[
p4v(p)
∂ fα
∂ z
]
p=Zα eB0/kc
,
(2)
where α is the index labeling nuclei of different types. All
nuclei, including all stable isotopes for a given value of
charge, are included in the calculations. As discussed in
much previous literature, this is very important if to obtain
a good fit to the spectra and primary to secondary ratios,
especially B/C.
Streaming instability proceeds in a resonant manner,
therefore the production of waves with a given wavenum-
ber k is associated with particles with momentum such that
their Larmor radius equals 1/k.
A wave with wavenumber k can be either produced or
absorbed resonantly by nuclei that satisfy the resonance
condition. Hence it is clear that the diffusion coefficient rel-
evant for a given nucleus is the result of the action of all
others (see Eq. (2)). In practice, since protons and helium
are the most abundant species, the diffusion coefficients for
protons and helium are strongly affected by the presence
of both elements. To first approximation, the diffusion co-
efficient for heavier nuclei is mainly determined by waves
produced by protons and helium nuclei. The contribution
of all other stable isotopes has a sizable effect, at the level
of few percent.
The solution of Eq. (1) W (k) can be written in an im-
plicit form [18], being composed by two terms that refer re-
spectively to the pre-existing magnetic turbulence and the
CR induced turbulence. The diffusion coefficient relevant
for a nucleus α can be written as:
Dα(p) =
1
3
pc
Zα eB0
v(p)
[
1
k W (k)
]
k=Zα eB0/pc
, (3)
where W (k) is the power spectrum of waves solution of Eq.
(1). The non-linearity of the problem is evident here: the
diffusion coefficient for each nuclear specie depends on all
other nuclei through the wave power W (k), but the spectra
are in turn determined by the relevant diffusion coefficient.
The problem can be closed, at least in an implicit way, by
writing the transport equation for each nucleus.
The transport equation for nuclei of type α can be writ-
ten as:
− ∂∂ z
[
Dα(p)
∂ fα
∂ z
]
+ vA
∂ fα
∂ z −
dvA
dz
p
3
∂ fα
∂ p +
fα
τsp,α
+
1
p2
∂
∂ p
[
p2
(
d p
dt
)
α ,ion
fα
]
= qα(p,z)+ ∑
α ′>α
fα ′
τsp,α ′
,
(4)
where τα ,sp is the time scale for spallation of nuclei of
type α , qα(p,z) is the rate of injection per unit volume of
nuclei of type α and
(
d p
dt
)
α ,ion
is the corresponding rate
of ionization losses. Following Ref. [11] we introduce a
surface gas density in the disc µ = 2hdndm, where hd is the
half-thickness of the Galactic disc and nd is the gas density
in the disc, in the form of particles with mean mass m. The
measured value of the surface density is µ ≈ 2.4mg/cm2
[24]. Since the gas is assumed to be present only in the disc,
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Figure 1: [Left panel] Spectra of protons and helium nuclei for the values of parameters as indicated. The solid (red) lines
show the spectra at the Earth, while the dotted (blue) lines show the spectra in the ISM, namely before correction for solar
modulation. Data points are from PAMELA [3] and CREAM [4, 26]. [Right panel] B/C ratio, the solid (red) lines show
the spectra at the Earth, while the dotted (blue) lines show the spectra in the ISM. Data points are from CREAM [26],
HEAO [27], ATIC [28], CRN [29] and ACE [30].
and the ionization rate is proportional to the gas density,
one can write:
(
d p
dt
)
α ,ion
= 2hdδ (z)b0,α (p), where b0,α(p)
contains the particle physics aspects of the process (see
[25] and references therein for a more detailed discussion
of this term).
Integrating Eq. (4) between z = 0− and z = 0+, re-
calling that (∂ f/∂ z)0− = −(∂ f/∂ z)0+ , and introducing
the function Iα(E) (flux of nuclei with kinetic energy per
nucleon E for nuclei of type α), such that Iα(E)dE =
vp2 f0,α(p)d p, it is possible to rewrite Eq. (4) in the
weighted slab approximation [11]
Iα(E)
Xα(E)
+
d
dE
{[(
dE
dx
)
ad
+
(
dE
dx
)
ion,α
]
Iα(E)
}
+
+
σα Iα(E)
m
= 2hd
Aα p2q0,α(p)
µv + ∑
α ′>α
Iα(E)
m
σα ′→α ,
(5)
being σα and σα ′→α respectively the total spallation cross
section of nucleus α and the spallation cross section of
nucleus α ′ into α . The two quantities Xα(E) and
( dE
dx
)
ad
are respectively the grammage for nuclei of type α and the
rate of adiabatic energy losses due to advection [11].
The solution of Eq. (5) can be worked out analytically
with the boundary condition I(E →∞) = 0 [18]. The injec-
tion term in the right hand side of equation (5) can be writ-
ten assuming a simple injection model in which all CRs
are produced by SNRs with the same power law spectrum:
2hd
Aα p2q0,α(p)
µv =
Aα p2
µv
ξα ESNRSN
piR2dΓ(γ)c(mpc)4
(
p
mpc
)−γ
where ξα is the fraction of the total kinetic energy of
supernova (ESN = 1051 erg) channelled into CRs of
specie α , Rd = 10 kpc is the radius of the Galactic
disk, RSN = 1/30 y−1 is the rate of SN explosions and
Γ(γ) = 4pi
∫
∞
0 dxx2−γ [
√
x2 + 1−1] comes from the normal-
ization of the CR spectrum.
The equations for the waves (1) and for CR transport (5)
are solved together in an iterative way, so as to return the
spectra of particles and the diffusion coefficient for each
nuclear specie and the associated grammage. The proce-
dure is started by choosing guess injection factors for each
type of nuclei, and a guess for the diffusion coefficient,
which is assumed to coincide with the one predicted by
quasi-linear theory in the presence of a background tur-
bulence. The first iteration returns the spectra of each nu-
clear specie and a spectrum of waves, that can be used now
to calculate the diffusion coefficient self-consistently. The
procedure is repeated until convergence, which is typically
reached in a few steps, and the resulting fluxes and ratios
are compared with available data. This allows us to renor-
malize the injection rates and restart the whole procedure,
which is repeated until a satisfactory fit is achieved. Since
the fluxes of individual nuclei affect the grammage through
the rate of excitation of streaming instability and viceversa
the grammage affects the fluxes, the procedure is all but
trivial.
3 Results
The calculated spectra of protons and helium nuclei are
plotted in the right panel of Fig. 1. The dashed (blue)
lines are the spectra in the ISM while the continuous (red)
lines represent the spectra after correction for solar modu-
lation, modeled as in [8] with a solar modulation parame-
ter Φ = 350 MV. The predicted spectra are compared with
the PAMELA [3], CREAM [4, 26] and HEAO [27] data.
The proton spectrum is in excellent agreement with the
observed one at all energies and clearly shows a harden-
ing at energies above ∼ 200 GeV. The helium spectrum
is also in good agreement with data up to a few hundred
GeV/nucleon. At higher energies the measurements are
dominated by CREAM data and the agreement is poorer.
Whether this discrepancy is due to a flatter injection of he-
lium nuclei or to a different systematic error between the
PAMELA and the CREAM data remains an open question.
At low energies we do not see a clear evidence for any
harder injection spectrum of helium nuclei compared with
protons, as shown by the excellent fit to the PAMELA data.
One should recall that a ∼ 20% systematic error in the en-
ergy determination in any of these experiments would re-
flect in a factor ∼ 1.5 at ∼TeV energies in the absolute
fluxes as plotted in Fig. 1, due to the multiplication factor
E2.5.
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Figure 2: [Left panel] N/O ratio, the solid (red) lines show the spectra at the Earth while the dotted (blue) lines show the
spectra in the ISM. [Right panel] C/O ratio. Data points are from CREAM [26], HEAO [27], ATIC [28] and CRN [29].
Using the same choice of parameters labeled in the left
panel of Fig. 1, the calculated B/C ratio is compared with
data in the right panel of Fig. 1 while the N/O and C/O
ratios are plotted in Fig. 2. The dashed (blue) lines refer
to quantities in the ISM, while the continuous (red) lines
show the same quantities after accounting for solar modu-
lation. The steep energy dependence of the B/C ratio ob-
served between 1 and 100 GeV/n is well described by our
calculations, as a result of the fact that self-generation is
very effective in such energy range. The quality of the fit to
the data is comparable with that obtained by using a stan-
dard description of CR propagation (standard diffusion or
reacceleration), but here we did not require any artificial
breaks in the diffusion coefficient and/or in the injection
spectrum. It is also worth stressing that the results illus-
trated in this paper are not the output of a formal fitting
procedure in which the parameter space is scanned system-
atically and some kind of likelihood method used. Since
the calculations are intrinsically non-linear this would be
rather time consuming from the computational point of
view, therefore we only try to achieve a reasonable fit to
the data without actually maximizing a likelihood indica-
tor.
4 Conclusions
Our calculations show that a good fit to the proton and
helium spectra (see left panel of Fig. 1) and to the sec-
ondary/primary and primary/primary ratios (see right
panel of Fig. 1 and Fig. 2) can be obtained by properly tak-
ing into account the self-generation, the pre-existing turbu-
lence and the advection with the waves. Quite remarkably,
the general features of the proton spectrum as measured by
PAMELA are very well reproduced. The spectrum is never
really a power law, but it may be locally approximated as
a power law. The spectrum is rather flat (slope ≤ 2) at en-
ergy below 10 GeV/n. It steepens to a slope ∼ 2.8− 2.9 at
10GeV/n≤ E ≤ 200GeV/n and it gets harder again (slope
∼ 2.6) at E > 200 GeV/n. Throughout our calculations the
injection spectrum is just a pure power law in momentum,
as predicted by the theory of DSA in supernova remnants.
The slope of the injected spectrum is ∼ 2.2 (if the number
of injected particles in the range d p of momentum is nor-
malized as Q(p)d p). The growth rate of the instability nec-
essary to explain the data requires that CRs be injected in
SNRs with a typical CR acceleration efficiency∼ 5−10%.
One should appreciate that within this approach we are
able to reproduce all observables, most notably the ratios
B/C, N/O and C/O, with no need for artificial breaks in
injection spectra and/or diffusion coefficient, contrary to
what is usually required by standard calculations of CR
transport in the Galaxy.
References
[1] J. Skilling, Monthly Notices of the Royal Astronomical
Society 173 (1975) 255.
[2] J. A. Holmes, Royal Astronomical Society 170 (1975) 251.
[3] O. Adriani et al, Science 332 (2011) 69.
[4] Y. S. Yoon et al, The Astrophysical Journal 728 (2011) 122.
[5] N. Tomassetti, eprint arXiv 1210 (2012) 7274, 23rd ECRS,
Moscow, 2012.
[6] P. Blasi, E. Amato, and P. D. Serpico, Physical Review
Letters 109 (2012) 61101.
[7] A. W. Strong, I. V. Moskalenko, and V. S. Ptuskin, Annual
Review of Nuclear and Particle Systems 57 (2007) 285.
[8] G. di Bernardo, C. Evoli, D. Gaggero, D. Grasso, and L.
Maccione, Astroparticle Physics 34 (2010) 274.
[9] C. Evoli, D. Gaggero, D. Grasso, and L. Maccione, Journal
of Cosmology and Astroparticle Physics 10 (2008) 018.
[10] V. Ptuskin, Astroparticle Physics 39 (2012) 44.
[11] F. C. Jones, A. Lukasiak, V. Ptuskin, and W. Webber, The
Astrophysical Journal 547 (2001) 264.
[12] P. Blasi and E. Amato, Journal of Cosmology and
Astroparticle Physics 01 (2012) 011.
[13] M. A. Lee, Astrophysical Journal 229 (1979) 424
[14] V. S. Ptuskin, F. C. Jones, E. S. Seo, and R. Sina, Advances
in Space Research 37 (2006) 1909.
[15] D. Caprioli, E. Amato, and P. Blasi, Astroparticle Physics
33 (2010) 160168.
[16] V. Ptuskin, V. Zirakashvili, and E.-S. Seo, The
Astrophysical Journal 718 (2010) 31.
[17] D. Caprioli, Journal of Cosmology and Astroparticle
Physics 07 (2012) 038.
[18] R. Aloisio and P. Blasi, ”Propagation of galactic cosmic
rays in the presence of self-generated turbulence”, JCAP
submitted.
[19] V. S. Ptuskin, V. N. Zirakashvili, and A. A. Plesser,
Advances in Space Research 42 (2008) 486.
[20] V. S. Ptuskin, I. V. Moskalenko, F. C. Jones, A. W. Strong,
and V. N. Zirakashvili, The Astrophysical Journal 642 (2006)
902.
[21] Y. Zhou and W. H. Matthaeus, Journal of Geophysical
Research 95 (1990) 14881.
[22] V. S. Ptuskin and V. N. Zirakashvili, Astronomy and
Astrophysics 403 (2003) 1.
[23] Skilling, Monthly Notices of the Royal Astronomical
Society 173 (1975) 255.
[24] K. M. Ferriere, Reviews of Modern Physics 73 (2001)
1031.
33RD INTERNATIONAL COSMIC RAY CONFERENCE, RIO DE JANEIRO 2013
[25] A. W. Strong and I. V. Moskalenko, The Astrophysical
Journal 509 (1998) 212.
[26] H. S. Ahn et al, The Astrophysical Journal 707 (2009) 593.
[27] J. J. Engelmann et al, Astronomy and Astrophysics 233
(1990) 96.
[28] A. D. Panov et al, arXiv astro-ph (2007)
[arXiv:0707.4415].
[29] S. P. Swordy et al, Astrophysical Journal 349 (1990) 625.
[30] J. S. George et al, The Astrophysical Journal 698 (2009)
1666.
